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STRUCTURE OF FINITE DIHEDRAL GROUP ALGEBRA
F. E. BROCHERO MARTI´NEZ
Abstract. In this article, we show the relation between the irreducible idem-
potents of the cyclic group algebra FqCn and the central irreducible idempo-
tents of the group algebras FqD2n, where Fq is a finite field with q elements
and D2n is the dihedral group of order 2n, where gcd(q, n) = 1.
In addition, if every divisor of n divides q−1, we show explicitly all central
irreducible idempotents of this group algebra and its Wedderburn decomposi-
tion.
1. Introduction
Let K be a field and G be a group with n elements. It is known that, if char(K) ∤
n, then the group algebra KG is semisimple and as consequence of Wedderburn
Theorem, we have that KG is isomorphic to a direct sum of matrix algebras over
division rings, such that each division algebra is a finite algebra over the field K,
i.e, there exists an isomorphism
ρ : KG→Ml1(D1)⊕Ml2(D2)⊕ · · · ⊕Mlt(Dt),
where Dj are division rings such that |G| =
∑t
j=1 l
2
j [Dj : K]. Observe that KG
has t central irreducible idempotents, each one of the form
ei = ρ
−1(0⊕ · · · ⊕ 0⊕ Ii ⊕ 0 · · · ⊕ 0),
where Ii is the identity matrix of the component Mli(Dj). Then, the isomorphism
ρ determines explicitly each central irreducible idempotent.
In the case K = Q, the calculus of central idempotents and Wedderburn decom-
position is widely studied; the classical method to calculate the primitive central
idempotents of group algebras depends on computing the character group table.
Other method is shown in [8], where Jespers, Leal and Paques describe the cen-
tral irreducible idempotents when G is a nilpotent group, using the structure of
its subgroups, without employing the characters of the group. Generalizations
and improvements of this method can be found in [11], where the authors pro-
vide information about the Wedderburn decomposition of QG. This computational
method is also used in [2] to compute the Wedderburn decomposition and the prim-
itive central idempotents of a semisimple finite group algebra KG, where G is an
abelian-by-supersolvable group G and K is a finite field.
The structure of KG when G = D2n is the dihedral group with 2n elements is
well known for K = Q (see [7]). In [5], Dutra, Ferraz and Polcino Milies impose
conditions over q and n in order for FqD2n to have the same number of irreducible
components that QD2n. This result is generalized in [6], where Ferraz Goodaire
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and Polcino Milies find, for some families of groups, conditions under q and G in
order for FqG to have the minimum number of simple components.
In this article, assuming that every prime factor of n divides q − 1, we show
explicitly the central irreducible idempotents of FqD2n and an isomorphism between
the group algebra FqD2n and its Wedderburn decomposition. Observe that this
isomorphism also show the structure of U(FqD2n), the unit group of FqD2n.
2. Idempotents of Cyclic Group Algebra
Throughout this article, Fq denotes a finite field of order q, where q is a power of a
prime and n is a positive integer such that gcd(n, q) = 1. For every polynomial g(x)
with g(0) 6= 0, g∗ denotes the reciprocal polynomial of g, i.e., g∗(x) = xdeg(g)g( 1
x
).
The polynomial xn − 1 ∈ Fq[x] splits in monic irreducible factors as
xn − 1 = f1f2 · · · frfr+1f
∗
r+1fr+2f
∗
r+2 · · · fr+sf
∗
r+s,
where f1 = x − 1, f2 = x + 1 if n is even, and f
∗
j = fj for 2 ≤ j ≤ r, where r
is the number of auto-reciprocal factors in the factorization and 2s the number of
non-auto-reciprocal factors.
We denote by Cn the cyclic group of order n. It is well known that FqCn ≃
Rn =
Fq [x]
〈xn−1〉 , and by the Chinese Remainder Theorem
Fq[x]
〈xn − 1〉
≃
r+s⊕
j=1
Fq[x]
〈fj〉
⊕
r+s⊕
j=r+1
Fq[x]
〈f∗j 〉
is exactly the Wedderburn decomposition of the group algebra Rn, so every prim-
itive idempotent generates a maximal ideal of Rn and also one component of this
direct sum.
In addition, since Rn is a principal ideal domain, every ideal of Rn is generated
by a polynomial g that is a divisor of xn − 1. The relation between the generator
of the ideal and its principal idempotent is shown in the following lemma.
Lemma 2.1. Let I ⊂ Rn be an ideal generated by the monic polynomial g, that is
divisor of xn − 1, and define f = x
n−1
g
. Then the principal idempotent of I is
ef = −
((f∗)′)∗
n
·
xn − 1
f
.
Proof: Let t be an integer such that n divides qt− 1. By Theorem 2.1 in [1] (see
also Theorem 3.4 in [3]), every primitive idempotent of Ft[x]〈xn−1〉 is given by
uλ =
λ
n
·
xn − 1
x− λ
=
1
n
n−1∑
l=0
λ−lxl
where λn = 1.
Since f divides xn − 1, then f splits in Fqt [x] as (x− λ1) · · · (x− λk) and
(f∗)′ =
k∑
i=1
(−λi)
∏
i6=j
(1− λjx) = f
∗
k∑
i=1
−λi
x− λjx
,
hence
ef = −
((f∗)′)∗
n
·
xn − 1
f
=
k∑
i=1
λi
n
·
xn − 1
x− λ
=
k∑
i=1
uλi .
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Therefore ef is an idempotent of Fq[x]. In order to prove that ef is the principal
idempotent of I, it is enough to show that g · ef = g. Observe that, using partial
fraction decomposition we obtain
g =
xn − 1
f
=
k∑
i=1
Aiuλi ,
where Ai =
n
λi
1∏
j 6=i(λi−λj)
and then
g · ef =
k∑
i=1
Aiuλi ·
k∑
j=1
uλj =
∑
1≤i,j≤k
Aiuλiuλj =
k∑
i=1
Aiuλi = g
as we wanted to prove. 
Remark 2.2. This lemma is also true for fields with characteristic zero, it suffices
to change in the proof the field Fqt by the splitting field of the polynomial f .
Corollary 2.3. The cyclic group ring Rn has r+2s irreducible idempotents of the
form ef given by Lemma 2.1, where the polynomials f ’s are the irreducible factors
of xn − 1 ∈ Fq[x].
3. Central idempotents of Dihedral Group Algebra
Throughout this section, αj denotes a root of the polynomial fj and D2n denotes
the dihedral group of order 2n, i.e.
D2n = 〈x, y|x
n = 1, y2 = 1, xy = yx−1〉.
We define integer numbers ǫ and δ as
ǫ =


0 if char(q) = 2
1 if char(q) 6= 2 and n is odd
2 if char(q) 6= 2 and n is even
and δ = max{ǫ, 1}.
The following theorem shows explicitly the dependence of the Wedderburn de-
composition of the Dihedral group algebra over a finite field Fq with the factoriza-
tion of xn − 1 ∈ Fq[x].
Theorem 3.1. The group algebra FqD2n has Wedderburn decomposition of the
form
FqD2n ∼=
r+s⊕
j=1
Aj
where
Aj =


Fq ⊕ Fq if j ≤ δ,
M2(Fq[αj + α
−1
j ]) if δ + 1 ≤ j ≤ r,
M2(Fq[αj ]) if r + 1 ≤ j ≤ r + s,
Proof: For each j ∈ {1, . . . , s + r}, let τj be the homomorphism of Fq-algebras
defined by the generators of the group D2n as
τ1 : FqD2n → Fq ⊕ Fq
x 7→ (1, 1)
y 7→ (1,−1),
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in the case ǫ ≥ 1 and
τ2 : FqD2n → Fq ⊕ Fq
x 7→ (−1,−1)
y 7→ (1,−1),
in the case ǫ = 2, where the sum and product in Fq ⊕ Fq is defined by adding and
multiplying the corresponding components of the same coordinates. Finally, for
every j ≥ ǫ+ 1
τj : FqD2n → M2(Fq[αj ])
x 7→
(
αj 0
0 α−1j
)
y 7→
(
0 1
1 0
)
.
It is easy to prove that (τj(x))
n = I, (τj(y))
2 = I and τj(x)τj(y) = τj(y)τj(x)
−1.
Observe that in the case of characteristic 2, i.e. ǫ = 0, we have that
img(τ1) =
{(
a b
b a
)∣∣∣∣ a, b ∈ Fq
}
,
that is isomorphic to Fq ⊕ Fq by the projection σ0 over the first row of the ma-
trix, where the product is defined by (a, b) · (c, d) = (ac + bd, ad + bc). Thus,
dimFq (img(τ1)) = 2 in all cases. In addition, if n is even, then dimFq (img(τ2)) = 2.
For each δ < j ≤ r, if we define Zj =
(
1 −αj
1 −α−1j
)
, then
σj : M2(Fq[αj ] → M2(Fq[αj ]
X 7→ Z−1j XZj
is an automorphism such that
σj ◦ τj(x) =
(
0 1
−1 αj + α
−1
j
)
and σj ◦ τj(y) =
(
1 −(αj + α
−1
j )
0 −1
)
,
so the images of the generators of Dn are in Fq(αj + α
−1
j ). It follows that for each
j such that δ < j ≤ r we have
dimFq (img(τj)) = dimFq (img(σj ◦ τj)) ≤ 4 dimFq(Fq(αj + α
−1
j )) = 2 deg(fj)
and in the case r + 1 ≤ j ≤ r + s, we know that
dimFq img(τj) ≤ 4 dimFq Fq(αj) = 4 deg(fj).
Now, let τ be the homomophism of Fq-algebras defined by
s+r⊕
j=1
τj . Observe that
this homomophism is injective. In fact, let u be an element of FqDn such that
τ(u) = 0. If we write u = P1(x) + P2(x)y, where P1 and P2 are polynomials of
degree less than n, for each j > ǫ, we have
τj(u) =
(
P1(αj) P2(αj)
P2(α
−1
j ) P1(α
−1
j )
)
=
(
0 0
0 0
)
,
so, P1(αj) = P1(α
−1
j ) = 0 and P2(αj) = P2(α
−1
j ) = 0. In addition, if ǫ ≥ 1, then
τ1(u) = (P1(1) + P2(1), P1(1)− P2(1) = 0,
and if ǫ = 2 we have
τ2(u) = (P1(−1) + P2(−1), P1(−1)− P2(−1) = 0.
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It follows that P1 and P2 are divisible by the polynomial x
n − 1 and since the
degrees of these polynomials are less that n, we conclude that P1 and P2 are null
polynomials and therefore τ is an injective homomorphism.
Finally, we observe that the homomorphism ρ : FqD2n →
⊕r+s
j=1 Aj defined
by ρ =
⊕r+s
j=1 ρj where ρj =
{
σj ◦ τj if ǫ < j ≤ r
τj otherwise
is injective. Furthermore,
dimFq (FqDn) = 2n and
dimFq (
r+s⊕
j=1
Aj) = 2ǫ+ 4
r∑
j=ǫ+1
dimFq (Fq[αj + α
−1
j ]) + 4
r+s∑
j=r+1
(Fq[αj ])
= 2ǫ+ 2
r∑
j=ǫ+1
deg(fj) + 4
r+s∑
j=r+1
deg(fj)
= 2 deg(xn − 1) = 2n.
Therefore ρ is an isomorphism. 
Remark 3.2. In the proof of the theorem we use the following facts: if β is a root of
the polynomial g ∈ Fq[x], then β
−1 is root of the polynomial g∗. In addition, when
g is auto-reciprocal and ±1 are not roots of g, there exists a polynomial h ∈ Fq[x]
of degree deg(g)2 , such that β is a root of g if and only if β + β
−1 is a root of h. In
fact, since g is symmetrical, we can write g as
g(x) =
t∑
j=0
aj(x
t+j + xt−j) = xt
t∑
j=0
aj(x
j + x−j) = xt
t∑
j=0
ajDj(z, 1) = x
th(z)
where Dj is the Dickson polynomial of degree j and z = x+ x
−1 (see [9] or [10]).
Theorem 3.3. The dihedral group algebra FqD2n has ǫ+ r + s central irreducible
idempotents:
(1) 2ǫ idempotents of the form 1+y2 efj and
1−y
2 efj , where j ≤ ǫ.
(2) r−ǫ idempotents efj , where j = ǫ+1, . . . , r, generated by the auto-reciprocals
factor of xn − 1.
(3) s idempontents efj + ef∗j , where j = r + 1, . . . , r + s.
Proof: Since the homomorphism τ in the proof of Theorem 3.1 is injective, then
the image of a central primitive idempotent u by the homomorphism has to be zero
in every component, except for one component where the image is the identity, i.e.,
for some i fixed, τj(u) = δi,jIj , where Ij is the identity over the component Aj . Let
u = P (x)+Q(x)y be a representation of u, where P and Q are polynomials in Fq[x]
of degree less than or equal to n − 1. Observe that Q is zero when calculated at
each root of the polynomial xn− 1 = 0, so Q is the null polynomial. In addition, P
is one when we calculate it at the roots of the polynomials fj and f
∗
j and zero when
we calculate it at the other roots of the polynomial xn− 1. The unique polynomial
of degree less or equal to n− 1 that satisfies that proprieties is efj , when fj = f
∗
j
and efj + ef∗j when fj 6= f
∗
j . Finally, if j ≤ ǫ the image τj(efj ) = (1, 1) is not
a primitive idempotent, and we can decompose this idempotent in two central
primitive idempotents, (1+y2 )efj and (
1−y
2 )efj , such that τj((
1+y
2 )efj ) = (1, 0) and
τj((
1−y
2 )efj ) = (0, 1). 
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4. Explicit form of the Idempotents when rad(n)|(q − 1)
Throughout this section, we assume that every prime factor of n divides q − 1,
κ and ν denote the numbers gcd(n, q − 1) and min{ν2(
n
2 ), ν2(q + 1)} respectively,
θ and α are generators of F∗q and F
∗
q2 such that α
q+1 = θ. In the following results,
we show the explicit form of the idempotents of the cyclic group algebra FqCn and
the Wedderburn decomposition of the Dihedral group algebra FqD2n. In other to
show that representation, we need the following lemma
Lemma 4.1. [4, Corollary 3.3 and Corollary 3.6] The factorization of xn − 1 in
irreducible factors of Fq[x] depends on n and q in the following form:
(i) If 8 ∤ n or q 6≡ 3 (mod 4), then
xn − 1 =
∏
t|m
∏
1≤u≤gcd(n,q−1)
gcd(u,t)=1
(xt − θul),
where m = n
κ
and l = q−1
κ
. In addition, for each t such that t|m, the number
of irreducible factors of degree t is ϕ(t)
t
· κ, where ϕ denotes the Euler Totient
function.
(ii) If 8 | n and q ≡ 3 (mod 4), then
xn − 1 =
∏
t|m′
t odd
∏
1≤w≤κ
gcd(w,t)=1
(xt − θwl) ·
∏
t|m′
∏
u∈St
(x2t − (αul
′
+ αqul
′
)xt + θul
′
),
where m′ = n2νκ , l
′ = q
2−1
2νκ , and St is the set{
u ∈ N
∣∣∣∣1 ≤ u ≤ 2νκ, gcd(u, t) = 12ν ∤ u and u < {qu}2rκ
}
,
where {a}b denotes the remainder of the division of a by b, i.e. the number
0 ≤ c < b such that a ≡ c (mod b). In addition, for each t odd such that t|m′,
the number of irreducible binomials of degree t and 2t is
κ · ϕ(t)
t
and
κ · ϕ(t)
2t
respectively, and the number of irreducible trinomials of degree 2t is

ϕ(t)
t
· 2ν−1κ, if t is even
ϕ(t)
t
· (2ν−1 − 1)κ, if t is odd.
The following corollary, direct from Lemmas 2.1 and 4.1, shows the explicit form
of each idempotent of the cyclic group algebra FqCn when rad(n)|(q − 1).
Corollary 4.2. Let m, m′, l and l′ be as in Lemma 4.1.
(1) If 8 ∤ n or n 6≡ 3 (mod 4), then every irreducible idempotent of the ring Rn
is of the form
et,ul =
θult
n
·
xn − 1
xt − θul
where t and u satisfy the condition of Lemma 4.1 item (i).
(2) If 8|n or n ≡ 3 (mod 4), then every irreducible idempotent of the ring Rn
is of the form shown in (1) and of the form
et,ul′ =
t
n
(
(αul
′
+ αul
′q)xt − 2θul
′
) xn − 1
(x2t − (αul′ + αqul′ )xt + θul′
,
where t and u satisfy the condition of Lemma 4.1 item (ii).
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Remark 4.3. By Theorem 3.3 If
• char(Fq) = 2, or
• n is odd and θul 6= 1, or
• n is even and θul 6= ±1,
then every idempotent found in Corollary 4.2 item (1) is a central irreducible idem-
potent of FqD2n. Otherwise, the idempotent can be reduced to two central primitive
idempotents 1+y2 et,ul and
1−y
2 et,ul.
In addition, et,ul′ of item (2) is also a central irreducible idempotent of FqD2n
if θul
′
= 1, otherwise, the central irreducible idempotent is et,ul′ + et,−ul′ .
Theorem 4.4. The Wedderburn decomposition of the group algebra FqD2n depends
on n and q in the following form:
(1) When n is odd, the decomposition is
2Fq ⊕
κ− 1
2
M2(Fq)⊕
⊕
t|m
t6=1
κ · ϕ(t)
2t
M2(Fqt).
(2) When n is even,
(2.1) if q ≡ 1 (mod 4) or 8 ∤ n, the decomposition is
4Fq ⊕
(κ
2
− 1
)
M2(Fq)⊕
⊕
t|m
t6=1
κ · ϕ(t)
2t
M2(Fqt),
(2.2) if q ≡ 3 (mod 4) and 8|n, the decomposition is
4Fq⊕ (κ+2
ν−i−3)M2(Fq)⊕ (2
ν−2κ−2ν−1−
k
4
+1)M2(Fq2)⊕
⊕
t|m′
t odd
t6=1
κ · ϕ(t)
2t
M2(Fqt)
⊕
⊕
t|m′
t even
2ν−2κ · ϕ(t)
t
M2(Fq2t)⊕
⊕
t|m′
t odd
t6=1
(2ν−1 − 1)κ · ϕ(t)
2t
M2(Fq2t).
where i =
{
0 if ν2(q + 1) > ν2(
n
2 )
1 if ν2(q + 1) ≤ ν2(
n
2 ).
Proof: First, we consider the case n 6≡ 3 (mod 4) or 8 ∤ n, so every irreducible
factor of xn − 1 is a binomial, and except for the factors x− 1 and x+ 1, we have
that any irreducible factor of the form xt− a is not auto-reciprocal. Thus, we have
two cases to analyse:
i) If n is odd, we have that ǫ = 0 or 1 and r = 1. By Lemma 4.1 there exist κϕ(t)
t
irreducible factors of degree t and by Theorem 3.3 there exist two components
isomorphic to Fq,
κϕ(t)
2t components of the form M2(Fqt) if t > 1 and
κ−1
2
components of the form M2(Fq) if t = 1, where t is a divisor of m. So we
obtain item (1).
ii) If n is even, we have that ǫ = 2 and there exist four components isomorphic
to Fq. In addition, every factor of x
n − 1 different that x ± 1 is a non-auto-
reciprocal binomial, then r = 2, and by the same argument of the previous case
there exist κϕ(t)2t components of the formM2(Fqt) if t > 1 and
κ−2
2 components
of the formM2(Fq) if t = 1, where t is a divisor ofm. So, we obtain item (2.1).
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Finally, in the case which q ≡ 3 (mod 4) and 8|n, every factor of xn − 1 is
a binomial or a trinomial. The unique auto-reciprocal factor of the form xt − a
with t odd is f1 = x − 1. Now, suppose that x
2t − (αul
′
+ αqul
′
)xt + θul
′
) is an
irreducible factor of xn − 1 as in Lemma 4.1 item (b), such that it is an auto-
reciprocal polynomial. It follows that θul
′
= 1 and therefore (q − 1)|ul′. Since
l′ =
q − 1
gcd(n, q − 1)
·
q + 1
2ν
,
the polynomial is auto-reciprocal when gcd(n, q− 1)|u · q+12ν and we have two cases
to consider:
i) If ν2(q+1) ≤ ν2(
n
2 ) then
q+1
2ν is odd and gcd(gcd(n, q− 1),
q+1
2ν ) = 1, therefore
gcd(n, q− 1)|u. But t|m′|n and gcd(t, u) = 1, then these conditions imply that
t = 1 and u is a multiple of gcd(n, q − 1) not divisible by 2ν and less than
2ν gcd(n, q− 1). So there exist 2ν − 2 values of u that generate 2ν−1− 1 auto-
reciprocal factors, all of them of degree 2, each one generating a component of
the form M2(Fq). In addition, we have κ − 2 irreducible factors of degree 1,
each one generating a component of the same type.
Therefore there exist (κ−2)+(2ν−1−1) = κ+2ν−1−3 componentsM2(Fq)
and
k
4
(2ν − 1)− (2ν−1 − 1) = 2ν−2κ− 2ν−1 −
k
4
+ 1
components M2(Fq2).
ii) If ν2(q+1) > ν2(
n
2 ) then
q+1
2ν is even and gcd(gcd(n, q−1),
q+1
2ν ) = 2, therefore
1
2 gcd(n, q−1)|u. Similarly, we obtain t = 1 and u is a multiple of
1
2 gcd(n, q−1)
non divisible by 2ν and less than 2ν gcd(n, q−1). So there exist 2ν+1−2 values
of u and then 2ν − 1 auto-reciprocal factors, all of them of degree 2.
Then there exist κ + 2ν − 3 components M2(Fq) and 2
ν−2κ − 2ν − k4 + 1
components M2(Fq2). 
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